THE MATRIX EQUATION XA- AX = f{X) 

GERALD BOURGEOIS 

Abstract. Let / be an analytic function defined on a complex domain Q and 
A £ A^„(C). We assume that there exists a unique a satisfying /(o) = 0. 
When f'{ce) = and A is non derogatory, we solve completely the equation 
_ XA — AX = f{X). This generalizes Burde's results. When f'{ce) j^ 0, we give 

>—^ ' a method to completely solve the equation XA — AX = f{X). Solutions of 

Cn ' the equation f{XA — AX) = X are also given in particular cases. 
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1. Introduction 



Let n E N>2. In [I], Burde solved completely the matrix equation XA — AX = 
X^, with p g N>2, unknown X € A^„(C) and A a given {n x n) non derogatory 
■^r ' complex matrix. In this article, we propose to extend Burde's results to a more 

r^, , general class of matrix equations. We introduce notations that will be used in the 

sequel of the article. 
Notations. 



(1) For any X G A^„(C), (j{X) denotes the spectrum of X. 

(2) Denote by /„ the identity matrix of 7V{„(C). 

Let Q he a complex domain and / : f2 -4 C be an analytic function. We consider 

the matrix equation 
> ■ 
On ; (1) XA-AX = f{X) 

^^ ■ 

where the {n x n) complex matrix A is given and the unknown is a (n x n) complex 

C^ ' matrix X such that (t{X) C fl. We assume that there exists a unique a G il such 

ly-^ . that /(a) = 0. 

f^ ' When f'{a) ~ and A is non derogatory, we solve completely the equation ([T]). 

^D . The solution of this problem follows Burde's method. 

When /'(a) ^ and there exist two eigenvalues of A whose the difference is 
f'{a), then we prove that Equation ^ admits non trivial solutions. Moreover, we 
give a method to completely solve Equation ([T]) , although the involved computations 
are complicated in the most general possible setting. Thus we study the equation 



XA-AX^log{X). 

Now it should be noted that the method used to prove these results differs from 
Burde's one. 

We have a look at the equation f{XA — AX) = X when / is locally invertible in 
a neighborhood of 0. In particular we show that the equations XA — AX ~ log(X) 
and e^^~^^ = X have same solutions. Further results on the equation 

f{XA-AX) = X 

are also given in the case where / is not locally invertible in any neighborhood of 
0. 
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2. General remarks 



Recall the 
Definitions. 

(1) Let A, B E A^„(C). The matrices A, B are said simultaneously triangular- 
izable if there exists an invertible matrix P S A^„(C) such that P^^AP 
and P^^BP are upper triangular. 

(2) [2 Let X G Mn{C) be such that a{X) C n. We put 

f{X) = ^ [ f{z){zI^-X)-'dz, 
2nT Jy- 

where F is a counterclockwise oriented closed contour in J7 which encloses 
a(X). 

(3) [2] The matrix f{X) is said to be a primary m,atrix function. 

Remark. The matrix f{X) does not depend on the choice of the contour T. 

We have the following well-known 

Proposition 1. (1) The matrix f{X) can he written as a polynomial in X 

whose coefficients depend on X . 
(2) We have the equality: cr{f{X)) = f{a{X)). 

Proof, see [2]. □ 

Theorem 1. Let A,X <E MniC) he such that XA - AX = f{X). The matrices A 
and X are simultaneously triangularizahle and (j{X) C /^^(O). 

Proof. Let V be the vector space spanned by {yl,/„,X, ••• ,X"^^}. One checks 
easily by induction that: 

(2) for aU i > 1, X'A - AX' = iX'-^f{X). 

By Cayley-Hamilton Theorem and Proposition [T] X'^A — AX^ belongs to V, and V 
is a Lie algebra. The derived series of V is 

Vi = [V, V] c C[X], V2 = [Fi, Fi] = {0}. 

Thus V is solvable. According to Lie Theorem, V is triangularizahle, that is A and 
X are simultaneously triangularizahle. Therefore, XA — AX is a nilpotent matrix 
and f{cr{X)) = {0} (see Proposition H]). D 

Definition. Let M = [mij] he a strictly upper triangular (n x n) matrix. For every 
i G {1, • • • ,77,-1} the set {7711^^+1, • • • ,r?z„_i_„} is said to he the false diagonal of 
M with index i. 

Theorem 2. Assume that there exists a unique a G i7 such that f{a) = 0. The 
equation (QP admits a solution X such that X ^ a/„ if and only if there exist 
A, /x G cr(j4) such that X ~ fi = f'{a). 

Proof. Let X G A4n{C) be a solution of Equation ([T|). According to Theorem [I] 
a{X) — {a} and X — a/„ + N where A^ is a nilpotent matrix. Replacing X by 
a/„ + A in Equation ([1]) , one obtains the following equivalences 

X is solution of Equation (P) ^ NA - AN = /(a/„ + A^) 

(3) ^ NA-AN = f'{a)N + --- + ^, \f ^"" • 

(n-1)! 

Let A^ be a nilpotent matrix satisfying Equality ([3]). Now we prove that A is 
different of if and only if there exist A, /i G cr{A) such that X — fj. = f'{a). 
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(<^): We may assume that A = [aij] is a upper triangular matrix such that an = ^ 



and a„„ = A. Let N 




Since N"^ — 0, one has 



/ 



NA~ AN ^ f'{a)N = /(a/„ + N). 

(=>): We may assume that A and N are upper triangular matrices such that TV 7^ 
and, for every i, an — \i. Suppose that 

(4) foralH^j, A, - A^ ^ /'(a). 

By considering the nonzero false diagonal of N with minimal index fc, Equation (3) 
gives the following relations: 

"-i,i+fe(Afc+i - Ai - /'(a)) = 

'T-n-fc,ri(A„ - A„_fc - /'(a)) = 0. 

According to Inequality (|3]), the false diagonal of index k is zero. That is a contra- 
diction. D 

3. The case f'{a) = 

Now, we assume that there exists a unique a S fJ such that f(a) = and 
/'(a) = 0. Then we look for the non-zero nilpotent solutions of the equation: 

(5) XA-AX = XPg{X) 

where p € {2, • • • , n — 1} and 5 is a polynomial depending on / only, such that 
g{0) y^ and deg{g) < n — p. Relation ^ can be rewritten as 

(6) for all i > 1, X'A - AX' = iX'+P-^g{X). 

Remarks, i) According to Theorem\^ necessarily A has multiple eigenvalues, 
ii) The case p — n reduces to find the nilpotent matrices that commute with A. 

Definition. Let h{X) ~ X]i=o '^i-^^ ^^ "^ ^on zero polynomial. The valuation of h 
is val{h) = min{i | a^ 7^ 0}. 

Lemma 1. Let s,l G N*. The following equality holds: 

s 

(7) A'X' ^^hj{X)A'-^ 

3=0 
where, for every < j < s, hj is a polynomial such that val{hj) > I + j{p — 1). 

Proof. We prove the lemma by induction on s. The case s = 1 is obvious. Relation 
([7]) implies that 

s s 

j^s+i^i :^J2Ahj{X)A'-^ ^"^AX'+^^P~^U{X)A'-^, 

where is a polynomial. For every l,j £ N,j < s, the following equality holds: 

AX^+^^P~^U{X)A'-^ = [X^+^'^P-^^A-{l+j{p-l))X^+'-J+^'^'^P^^^g{X)]4>{X)A'-^. 

Let g G N. From the equalities: 

X'+'^P-^^AX'^A'-^ = X^+^^P-^^X'iA- qX''+P-'^g{X))A'-^ 



4 GERALD BOURGEOIS 

one deduces that 

3=0 

where the g's are polynomial satisfying val{gj) > I + j{p — 1). □ 

Lemma 2. Assume that the matrices A and X satisfy Equation (^ and that X 

is a nilpotent matrix. Let v G C" and to € N* such that A^^v — Q, r,k be integers 

r 

such that r > n and 1 < k < . For every t E N such that t > r — kip — 1), 

p-1 

one has A"^+^-^X^v = 0. 

Proof. The proof is by induction on k. Clearly AX* - X* A = -tX*+P-^g{X) = 0. 
Thus, A and X* commute and A™X*w — X*-A™-v = 0. This proves the case k = 1. 
We assume that the lemma is true for fc — 1. Let t > r — k{p — 1). We show that 

^■m+k-i^ty = A"'+''-^X*Av ~ tA"'+''-^X'+P-^g{X)v = 0. 

Since t + p — 1 > r— (fc— l){p — 1), one has 

A''''+^-^X*+P-^g{X)v = 0. 

By Lemma [U we can write 

m+k-2 

^™+fe-2^t^^^ J2 hj{X)A"'+''-^-\, 

J=0 

with for every j e [0, m + fc — 2], val{hj) > t + j{p ~ 1). 
For every j > k one has 

val{hj) > t + j{p - I) > t + k{p - I) > r > n. 

Hence, for all j > k, one has hj{X) — 0. Obviously, if j < fc one has A"'-^''^^~^v = 
0. This proves the lemma. D 

Theorem 3. Assume that the matrix X satisfies Equation f^i and that X is a 
nilpotent matrix. Then the generalized eigenspaces of A are X -invariant. 

Proof. Let A be an eigenvalue of A and let H\ — ker{A — Xln)^ be the generalized 
eigenspace associated to A. We may assume A = 0. For every v E Hq, there exists 
an integer m such that A''"-v — 0. Let A; G N* such that r = 1 + k{p — 1) > n. 

r — 1 

Applying Lemma [21 with k = and t = 1, we obtain A"^^'^^^Xv — 0, that is 

P- 1 

Xv e Hq. a 

The generalized eigenspaces of A span C" and thus we can deduce easily the 
following 

Corollary 1. Let (7{A) = {Ai, • • • , A^} and P be an invertible matrix such that 

k 



P-^AP^^{\J^^+Ni), 



i=i 



^k 



where X]i=i cti = n and, for all i, Ni is a (a^ x a^) nilpotent matrix. 



k 



If X is a nilpotent matrix solution of Equation ^, then P ^XP — ^ Xi, where 



i=l 



for every i, Xi is a nilpotent matrix that satisfies XiNi — NiXi = Xfg{Xi). 
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4. The case /'(a) = and A non derogatory 

Definition. A complex square matrix M is said to be non derogatory if for all 
A G cr(A/), the number of Jordan blocks of M associated with X is 1. 

We assume A is non derogatory and we consider Equation ^. According to 
Corollary [TJ it is enough to solve the equation: 

(8) XJn - J^X = XPg{X), 

where Jn is the nilpotent Jordan block of dimension n and X is a unknown nilpotent 
matrix. 

4.1. Tiie case wiiere A is a Jordan block. 

Lemma 3. Let X be a nilpotent matrix that is solution of Equation ^ and let 
{ei)i<i<n be the canonical basis o/C". Then Xei — 0. 

Proof. • We show that for / > p, X^ei — implies X'~'^''~'^^ei — 0. Indeed, one 
has 

J„X'-(P-i) - X'-(P-i) J„ = -{I -ip- l))X'g{X). 

Thus we deduce that JnX'^^^P^^^ei = 0. Therefore, there exists A e C such that 
X'-(p-i)ei = Aei. Since X is nilpotent, A = 0. 

• Obviously, X"ei — 0. By repeating the previous argument, there exists k < p 
such that X^'ei = 0. Thus X^ei = and Xei =0. D 

Lemma 4. Every nilpotent solution of Equation (0) is strictly upper triangular. 

Proof. The proof is by induction on n. The result is obvious for n — 1. Let X be a 

nilpotent solution of Equation (|H]). According to Lemma |31 X — [ ) where 

Xi isa(n — Ixn — 1) matrix. Clearly, Xi is nilpotent and satisfies 

XlJn-l — Jn-lXi = X^g{Xi). 

Thus, Xi is strictly upper triangular by induction hypothesis. D 

Theorem 4. We obtain all nilpotent solutions X = [xij] of Equation ^ in the 
following way. Let k be the coefficient of degree two of the polynomial XPg{X). We 
choose arbitrarily the last column of X with Xn-i.n satisfying: 

(9) for all i ^ {!,■ ■ ■ ,n — 2}, 1 — ikxn-i.n 7^ 0. 

The other coefficients of the .strictly upper triangular matrix X are obtained recur- 
sively by solving equations of degree one. 

Proof. • The computation of the false diagonal of index 2 in Equation (|H]) gives: 

for aU 2 < i < n - 1, Xi_i^i(l - fcxi^j+i) = a;i,i+i. 

If there exists an i G [2, n — 1] such that 1 — kxi^i+i = then Equation ^ admits 
only the zero solution. Otherwise, one has for all i G |2, n — 1]: 

Hence if Condition (jH]) is satisfied, then for all i G |2, n — 1], one has: 

•^n— l,n 
Xi-1, 



1 - (n - i)kXn^i^n' 

• We reason in the same way for the false diagonals of index 3,4,--- ,n — 2. Finally, 
for the last false diagonal, a;i.„ can be arbitrarily chosen. D 

Remarks. (1) Once the last column of X is chosen, the matrix X is uniquely 

determined. 
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(2) The obtained matrix X is similar to Jn if and only if Xn-i.n 7^ 0. 

4.2. Numerical computations. The performance of computations was measured 
by using a 2 GHz Intel Core Duo processor provided witli 2 GB RAM. One cliecks 
easily that the complexity of the calculations is 0{n'^). In other hand, the deter- 
mination of the coefficients of X as a function of the last column, is much more 
complicated. For instance, for n = 10, we consider the equation 

XJio - JioX = -7X^ + 3X^ -X'^ + X^ - 2X^ - X'^ + iX^ - 5X^ 

where X is a nilpotent matrix. 

First case: we look for the matrix X = [xij] as a function of the (a;i^io)i<i<9. 

Using Maple, we obtain for all i, j G {1, ■ • • , 9}, Xij = —^ — -J — j ^; — ■ — , where 

Qij {^9,10) 

Pij, Qij are polynomials. The duration of calculation is 12" but the display requires 
more than 2000 Maple lines. 

Second case: The (a;i_io)i<i<g are randomly chosen as integers in J— 10,10|. We 
obtain the exact values of the {xij)ij, as rational fractions, in 0"6. 

4.3. A is non derogatory. Thanks to Corollary [T] and Theorem |4j we obtain the 

Theorem 5. Assum,e that A — [aij] is non derogatory. All the nilpotent solu- 
tions of Equation (^ can be explicitly determined. Moreover a nilpotent solution X 
of Equation ^ has coefficients m Q((aij)ij, (Ai)i<i<fe, (ui,a_, • • • , Wa,-i,aji<i<fc) 
where the {ui^a.,--- ,Uai-i^ai)i<i<k o-fe chosen as last columns during the calcu- 
lations of Theorem 4- In particular, the general solution X depends on n — k 
parameters. 

5. The case /'(a) ^ 

Now we assume that there exists a unique a G fi such that f{a) = and that 
/'(a) 7^ 0. We study the non zero nilpotent solutions of the equation 

(10) XA-AX = Xg{X), 

where g is a polynomial such that deg(5) < n — 1 and g(0) ^ 0. Moreover, g 
depends only on the function /. We may assume g{0) — 1. Relation 1^ can be 
rewritten as: 

(11) for all i > 1, X'A - AX' = iX'g{X). 

Remark. For g — 1 we obtain a particular case of the Sylvester equation (see [2] j 

(12) (j){X)=XB-CX = D 

where B G Mq{£), C G Mp{C) and D G Mpq{C) are given and X G Mpq{C) is 
to be determined. Note that 



(13) cr(0) = {A-M|AGcr(B),^Gcr(C)}. 

Lemma 5. Let k eW . Then ker{X^) is A-invariant. 

Proof. Let u G ker{X'^). The equality 

X'^A - X'^-'^AX = X^g{X) 

implies that X'^Au = X'^^^AXu. With Equahty (HJ), we obtain X'^-^AXu = 
0. D 
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5.1. Decomposition of the solutions. Let A e 7V{„(C) and X be a nilpotent 
solution of Equation (dU]). Let A e a{A),u e C" and p e |l,n| such that {A - 
XIn)Pu = 0. 

Lemma 6. Let s be a positive integer. One has 

n-l 

Xue^ker{A+{i-X)In)P. 

i=l 

X'u G ker{A + {i - A)/„f . 

(r) 

Proof. We may assume A = 0. For any integers r, s, Pg denotes a polynomial in 
the variable X such that val{Ps ) > s. Since g{0) = 1, we have the equalities: 

(14) for A: < 71, (A + fc/„)X'= = X'^A + P^°\, 

for k<l <n, {A + kIn)X^ = X^A + p/°^ and 
(A + fc/„)p/°^ = pI^^A + pI'^\ 

• Using equalities ([13 . we easily see that 

p—i p~i 

(A + InfXu = [XAP + Y^ p![^A'')u = Y^ plf^A'-u. 

By induction on s, we obtain for every s G N*: 

p-i 
(A + .s/„f •••(A + /„)PXu = (XMPQ(^) + ^Pi;\A'-)u 

r-O 

where Q is a polynomial. Since for all r G N, P„ = 0, the result follows. 

• Assume that X'^u — J2i>s''^i' where for every i, Ui G ker(A + ilnY ■ Then 
X'^'^^u = X]i>s ^"i where, by the previous result, Xui G ® ker{A + jlnY ■ □ 

Lemma 7. Let s be a positive integer such that A — s ^ (^{-A)- Then 

s-l 

X'u = and Xu G A:er(A + (i - A)/„)p. 

i=l 

Proof. We may assume A = 0. 

• Suppose X^u ^ 0. Let A; > s be the integer such that u G ker{X^^'^)\ker{X^). 

Then (^ + klnYX'^u = X^r^o -^i+i^''" and, by lemma [3 

(15) X'=uGA:er(A + A:/„)P. 

On the other hand, by lemma X^u G ker{A + i/„)P = ker{A + i/„)^- In 
the same way, 

(16) X''u = X''-'X'ue^ker{A + iInY. 

i>k 

By relations p^ and P^ . we deduce X'^u = 0, that is a contradiction. 

• Since X^u = 0, one has (^4 + (s - 1)/„)p • • • (A + /„)pXu = ^^Ig P^^'^A^'u = 
Sr=o '/'s -'^"^''u = where the (ps are polynomials in X. D 
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k 

Notation. Let A G A1„(C). We can write (j{A) = \_\ Br where the B^'s satisfy: 

(1) for every 1 < r < k, there exists A,- G C, c^ G N such that Br = JO, c^] + A^. 

(2) If r 7^ s and u G Br,v G Bs, then u — i; =^ 1. 

We consider the ordering of the eigenvalues of A induced by the sequence Bi,- ■ ■ ,Bk 
and the associated Jordan normal form of A: there exists an invertible matrix P 

k 

such that P^^AP = ® C/r where for every r, (y{Ur) = Br and Ur is a Jordan 

matrix. 

Theorem 6. Let A G A1„(C) and X he a nilpotent solution of Equation ilUfl . 

k 

With the previous notation, P^^XP = ^ Xs, where for every s, Xg is a nilpotent 

upper triangular matrix that satisfies XsUs — UgX,, — Xsg{Xa). 

Proof. This follows from lemma |5] and lemma [71 D 

5.2. The complete solution. 

Remark. According to Theorem\^ we have reduced the problem to solve Equation 
mU\} in the case A = Us- 

In the following, wc show that \i A = Us then it remains to solve a sequence 
of Sylvester equations (cf. Equation (TT^ and Property (TT^ '). Moreover if Us is 
diagonalizable, then we obtain an explicit solution that is computable by iteration. 
First we consider the general case and we may assume that (j{A) — |0, fc — Ij. 

Proposition 2. Let A = diag{ni, Is2 + '^•2, ■ • • , (fc — ^)Isk + '^fc) where the n^ 's are 
nilpotent matrices of dimensions St such that X)i=i *« ~ "^^ ^^^ a2r'' jQ^n-i be 
complex numbers. The general nilpotent solution of the equation 

n-l 

(17) XA-AX^X + ^ UiX^ 

i=2 

is a stictly upper triangular (k x fc) block matrix X = [xij]. Let 1 < i < fc — 1. 
Knowing the false block diagonals of X with indices j < i, the false block diagonal of 
X with index i can be obtained by the resolution ofk — i similar Sylvester equations. 

Proof. By lemma [3 X satisfies X'^ — and is a strictly upper triangular (fc x fc) 
block matrix X — [xij]. By identification, the false diagonal with index 1 satisfies: 
for every j G |1, fc — 1], Xjj+iUj+i — UjXjj+i = 0. These equations are in the form 
(p{xj,j+i) = where is a nilpotent operator. Now the false diagonal with index i G 
|2,fc-l] satisfies: for every j G |l,fc-«], Xjj+i{{i-l)Is^+i+nj+i)-njXjj+i = Tp^j 
where ipij depends on the false diagonals with indices |1, i — 1]. These equations are 
in the form 4>{xj j+i) — ipij with <j) = [i — l)Id + v where :/ is a nilpotent operator. 

' 1 _ 1 l_ 

^i-l (z-l)2''+(j-l)3 

In the case where A is diagonalizable, one has the 



Thus Xj^j+i = {- -Id - —u + -r—TT^v^ )V'»j- n 



Proposition 3. Let A = diag{Osi i -^S2 ■ " ' i (fc — ^)Isk) with si + • ■ ■ + s^ = n and 
012,' ■ ■ , OLn-i be complex numbers. The general nilpotent solution of Equation ( [J7| ) 
is a strictly upper triangular (fc x fc) block matrix X = [xij] such that the Xi^^+i 's 
are arbitrary {si x Si+i) matrices and, for every r > \, 

where Pr is a polynomial in a2, ■ ■ ■ ,Oir, with coefficients in Q, that depends only 
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Proof. By lemma [3 X satisfies X^ = and is a strictly upper triangular (fc x k) 
block matrix X = [xij]. Let i G [[1, fc — 1|. We obtain, by identification: 

r 

for every r e |l,fc-i]], (r-l)xi,.,+r = ^ as ^ a:^i,Jia;ji,j2 ' ' • 3;j,_i,i+r- 

Thus the x^^i+i's are arbitrary. Moreover Xi^i+2 = 012 {xi.i+iXi+i^i+2) or ^2(0^2) = 
a2- Obviously Xi^i+r is expressed as a function of the Xj^+uS with j G |1, fc — 1] 
and 1 < u < r. Then, by induction on r, it is easy to show the required formula 

for X.i^i+r- □ 

Example 1. For instance, one has: 

2 ^3 N 3 4 04 



2 ' '^^'^'^' ^ 3 ^ " 3 

n / N 4 29 2 7 3 3 as 

P5(a2, • • • , as) = a2 + —za^a^i + -0204 + -ag + -— , 



X s 37 3 13 2 82 3 11 ag 

^6(a2, • • • , ae) = ^2 + T7:"2"3 + — a2a4 + -a3a2 + -a3a4 + — a2a5 + -r- 

Using Maple, one obtains {Pi)i<ij, in 1'50". 

Remark. The solution X — is always a cluster point of the set of the solutions 
of Equation |J7p . 

5.3. Application to the logarithm function. 

Let A be a (n X n) complex matrix. 

Definition. Let X be a {n x n) matrix that has no eigenvalues on M^ = {x £ 
M I x < 0}. The X -principal logarithm log(X) is the {n x n) matrix U such that 
e^ = X and the eigenvalues of U lie in the strip {z G C | ^{z) G (— 7r,7r)}. 

Remark. The function X -^ log(X) is a primary matrix function. 

Proposition 4. We consider the {n x n) matrices X that have no eigenvalues on 
M~ and that satisfy: 

(18) XA-AX = \og{X). 

The general solution of Equation I118\) is X = In + N where N is a nilpotent matrix 

('_iyi-i 
that satisfies NA- AN = N + J2"^2 ■ ^'• 

Proof Here f{X) = log(X), a = 1 and /'(a) = 1. Then X = In + N where N a 
nilpotent matrix. D 

Remark. If A is diagonalizable, then the values of the polynomials cited in Example 
n\ p _ -1 p _ 5 -31 361 -4537 

mare: P2 - ^,^3 - ^,P, - ^^^^5 - ^,^6 - ^^^. 



6. The matrix equation f{XA - AX) = X 

Of course XA — AX = log(X) implies ^-^^-^^ = X. But is the converse true ? 
We consider the equations in the form: f{XA — AX) = X. 
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6.1. The general case. Let / : il — > C be an analytic function and J7 be a complex 
domain containing 0. We note /(O) = a. 

Proposition 5. Let X be a {n x n) matrix such that f{XA — AX) = X . There 
exists a nilpotent matrix N such that X — ain + N , N A — AN is nilpotent and 



fik)^0) 



n-l 



^^ kl 

fc=l 



{NA ~ AN)'' = N. 



Moreover, if f'{0) ^ 0, there exist a ball B containing a and an analytic Junction 
g definite on B such that g'{a) ^ and NA - AN ^ X^Li ,, N'' . The 
{g^'^^ {a))i<:k<n-i 's are explicitely computable quotients of the {f^'^' {Oj)i<k<n-i 's- 

Proof. The matrix f{XA — AX) is a polynomial in XA — AX. Clearly, X and 
XA — AX commute. Thus, XA — AX is a nilpotent matrix, a{X) = {a} and there 
exists a nilpotent matrix N such that X = aIn + N and f{NA — AN) — aIn + N. 
If /'(O) ^ 0, then / admits a local inverse g, an analytic function defined on a 
neighborhood of a and with values in a neighborhood of 0. Consequently, 

NA- AN = g{aIn+N). 
The last assertion is trivial. D 

Taking f{z) = e^, we deduce the following result: 
Corollary 2. The equations e^-4-AX _ ^ ^^^ XA — AX — log(X) have the same 
solutions. 

Remark. Since the nilpotent matrix N commute with NA — AN , the matrices NA 
and AN are nilpotent. This result is due to Kostant [3] . 

6.2. The case /'(O) = 0. Now /'(O) = and the properties of the solutions of the 
equation 

f{XA- AX) ^X 
are very different. 

Proposition 6. Let A &e a (3 x 3) matrix such that A has three pairwise distinct 
eigenvalues. The equation 

(19) (XA- AX)^ ^X 

admits non zero solutions in A^3(C). 

Proof. Here f{x) — x^ and a = 0. By Proposition [5l X is nilpotent. We may 
assume A = diag{u, v, w). Let X = [xij] be a solution of Equation (|19p. Obviously, 
X2 = {XA - AX)'^ = 0. From the relations X^ = and {XA - AX)^ = X, in a 
coordinatewise way, using Maple, one obtains all the non zero solutions in the form: 
/ 1 



X 



Q 



{w — u){u — v) 



q{u — v)^{v — w){w — u) {''J- ~ v){v — w) 



qr{u — v){v - 


- w) 


r 




1 




{v — w){w - 


-u) J 

a 



\qr{u — v)'^{v — w)'^{w — u)'^ r{v — w)'^{w — u){u — i 
where q, r are non zero arbitrary complex numbers. 

Remarks, i) The matrix is an isolated point of the set of the solutions of Equa- 
tion (Q3J. 

a) Let X ^ 0. Since X and A have no common eigenvectors, they are not simul- 
taneously triangularizable. 

Hi) The matrix XA — AX is a square root of X . Hence, to solve Equation Iil9\) is 
equivalent to solve the equation Y^A — AY^ = Y with X = Y^ . 
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6.3. A mixed equation. Let f,g be two analytic functions defined on Q, that 
vanish on only. We show that the equation f{XA — AX) = g{X) may have non 
nilpotent solutions. 

Proposition 7. Let A be a (2x2) matrix such that A has two distinct eigenvalues. 
The equation 

(20) (XA - AX)^ = X^ 

admits essentially non nilpotent solutions in A^2(C). 

Proof. We may assume A ~ diag{u, v). It is easy to show that Tr(X) = 0. Hence X 

is in the form X = i J , and satisfies the unique relation a'^ + bc{{u — v)^ + 1) = 

0. The solution X is nilpotent if and only the supplementary condition 6c = is 
fulfilled. D 
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